In this article we study non-linearly normal smooth projective varieties X ⊂ P r of deg(X) = codim(X, P r ) + 2. We first give geometric characterizations for X (Theorem 1.1). Indeed X is the image of an isomorphic projection of smooth varieties X ⊂ P r+1 of minimal degree. Also if X is not the Veronese surface, then there exists a smooth rational normal scroll Y ⊂ P r which contains X as a divisor linearly equivalent to H + 2F where H is the hyperplane section of Y and F is a fiber of the projection morphism π : Y → P 1 . By using these characterizations, (1) we determine all the possible types of Y from the type of X (Theorem 1. 
Introduction
Throughout this paper we will work with projective varieties over an algebraically closed field K of arbitrary characteristic. It is well known that every nondegenerate projective variety X ⊂ P r satisfies the condition deg X codim(X, P r ) + 1.
We say that the variety X ⊂ P r has minimal degree if deg X = codim(X, P r ) + 1. Those varieties are completely classified by Bertini. A variety X ⊂ P r is of minimal degree if and only if it is either P r or a quadric hypersurface or (a cone over) the Veronese surface in P 5 or (a cone over) a smooth rational normal scroll. A modern proof of this classification can be found in [EH] and [F] .
Varieties of minimal degree are always arithmetically Cohen-Macaulay and their minimal free resolutions are well known. For an example, see Lemma 2.1 in [N2] . Now we consider the next case. Let X ⊂ P r be a nondegenerate variety with deg X = codim(X, P r ) + 2.
Due to Brodmann and Schenzel [BS2] , we say that X is of almost minimal degree. Hoa, Stückrad and Vogel investigate cohomological properties of X ⊂ P r [HSV] . The minimal free resolution of the homogeneous ideal I X of X is studied by Hoa [Hoa] . Fujita [F] shows that X is either a normal Del Pezzo variety or else the image of a variety of minimal degree via a projection. He has a satisfactory classification theory for normal Del Pezzo varieties. When X is a projection of a variety of minimal degree Brodmann and Schenzel study the arithmetic properties of X in [BS2] . In this paper we study smooth varieties X ⊂ P r of almost minimal degree. We should mention that if the restriction mapping H 0 (P r , O P r (1)) → H 0 (X, O X (1)) is bijective, i.e., X is linearly normal, then X is a Del Pezzo manifold. Those manifolds are completely classified. See Theorem 8.11 in [F] and Section 2.4. Now we assume that X is non-linearly normal. We first prove cohomological and geometric characterizations of X. Theorem 1.1. Let X ⊂ P r be a nondegenerate projective variety. Then the following conditions are equivalent:
(i) X is a non-linearly normal variety of almost minimal degree. (ii) X is a smooth non-linearly normal variety of almost minimal degree.
(iii) X = π P ( X) for a smooth variety X ⊂ P r+1 of minimal degree and P ∈ P r+1 \ X 2 . Here X 2 denotes the second join of X with itself, i.e., the closure of the union of chords joining pairs of distinct points of X. In particular, π P : X → X is an isomorphism and X is smooth.
(iv) X is either π P ( X) for the Veronese surface X ⊂ P 5 and P ∈ P 5 \ X 2 or else X lies on a smooth rational normal scroll Y ⊂ P r as a smooth divisor such that
where H is the hyperplane section of Y ⊂ P r and F is a fiber of the projection map π : Y → P 1 . (v) X is of arithmetic depth one and of almost minimal degree. Remark 1. Let X ⊂ P r be a smooth projective variety of almost minimal degree which is nonlinearly normal, i.e., H 0 (P r 
(1) By Theorem A in [HSV] , X is 3-regular in the sense of Castelnuovo-Mumford and hence it satisfies j -normality for all j 2 and the homogeneous ideal I X of X is generated quadratic and cubic equations. Here we provide two another proofs. In (iii), note that X ⊂ P r+1 satisfies property N p for all p 0. Therefore Theorem 1.2 in [KP] implies that π P ( X) ⊂ P r is 3-regular for every P ∈ P r+1 \ X 2 . Also in (iv), every smooth divisor X ∼ H + 2F is 3-regular by Theorem 3.2(1). (2) Assume that X = π P ( X) where X ⊂ P 5 is the Veronese surface and P ∈ P 5 \ X 2 . Since X is 3-regular, H 0 (P 4 , I X (2)) = 0 and the vanishing ideal I X of X is generated by 7 cubic equations. In particular, X does not lie on a variety of minimal degree as a divisor. One can easily check that the minimal free resolution of X ⊂ P 4 is
(3) Assume that X lies on a rational normal scroll Y ⊂ P r as a divisor. Then we show that Y is smooth and X ∼ H + 2F . (4) By (v), the arithmetic depth characterizes X among all projective varieties of almost minimal degree.
From (iii) and (iv) we have good geometric descriptions. Therefore it is a natural approach to investigate linear projections of a smooth projective variety X ⊂ P r+1 of minimal degree from a point P ∈ P r+1 \ X 2 to understand smooth non-linearly normal varieties of almost minimal degree.
By (iv) we know that X should be the Veronese surface or a smooth rational normal scroll. Since the Veronese surface case is treated in Remark 1(2), we concentrate on the case when X is a smooth rational normal scroll. We first recall a description of rational normal scrolls. For the vector bundle
on P 1 where 0 c 1 · · · c k and c k > 0, the tautological line bundle O P (E) (1) of P(E) is globally generated and we write S(c 1 , . . . , c k ) for the image of the map defined by O P (E) (1). It is well known that
be a smooth rational normal scroll and let X = π P ( X) ⊂ P r where P ∈ P r+1 \ X 2 . By Theorem 1.1, there exists a smooth rational normal scroll Y = S(a 1 , . . . , a n , a n+1 ) ⊂ P r which contains X as a divisor. See the following diagram:
So it is natural to ask which Y = S(a 1 , . . . , a n , a n+1 ) can occur when the center P varies in P r+1 \ X 2 . To simplify notations, we define the following set:
Our second result is 
Our next problem under consideration is to describe the defining equations and Betti diagram of X. We have the following result:
(1) The graded Betti numbers of X are uniquely determined by the type (a 1 , a 2 
Assume that a 1 = · · · = a k = 1 and a k+1 2 for some k 1. Then
Therefore the homogeneous ideal of X is generated by r−n 2 + (r − 2n − 1) quadratic equations and k+1 2 cubic equations.
Here the notion "property N p " expresses how simple the first few syzygies of a minimal free resolution is. For details, see Section 2.3. Our result describes the relation between homological properties of X and the type (a 1 , . . . , a n , a n+1 ) of the smooth rational normal scroll Y on which X lies. It is guessed by Brodmann and Schenzel that the type of the rational normal scroll that contains X determines the Betti diagram "near the beginning of the resolution". See Example 4.8 in [BS1] and Example 9.1 in [BS2] . And our result gives an affirmative answer for their expectation. As an application of Theorem 1.3, we explain how one can obtain all the possible Betti diagrams of π P ( X) ⊂ P r when P varies in P r+1 \ X 2 by using the computer algebra system "SINGULAR". For details, see Section 6. Remark 2. In many cases, the failure of property N 2,p of a nondegenerate projective variety X ⊂ P r comes from the existence of (p + 2)-secant p-plane, that is, the converse of Theorem 1.1 in [EGHP] holds. Nevertheless, there are some varieties X ⊂ P r which fail to satisfy property N 2,p while there is no (p + 2)-secant p-plane to X. Here we construct such varieties by applying Theorem 1.3. Let X = S(p, m) ⊂ P p+m+1 be a rational normal surface scroll. If (a 1 , a 2 , a 3 ) ∈ Σ X , then a 1 p. Therefore for any P ∈ P p+m+1 \ X 2 , X P ⊂ P p+m fails to satisfy property N 2,p . Also if m p + 1, then dim X p+2 = min{p + m + 1, 3p + 4} where X p+2 denotes the (p + 2)th self join of X. For details, see [C] . In particular, if m 2p + 4, then X p+2 P p+m+1 . In this case, let P ∈ P p+m+1 \ X p+2 . Then π P ( X) has no (p + 2)-secant p-planes while it fails to satisfy property N 2,p .
Organization of the paper. In Section 2, we recall some definitions and basic facts. In Section 3, we study j -normality, Castelnuovo-Mumford regularity and property N p of some divisors on a smooth rational normal scroll. Section 4 is devoted to prove our main theorems. In Section 5, we explain how to compute Betti diagrams of non-linearly normal smooth projective varieties of almost minimal degree by means of the computer algebra system "SINGULAR". Finally in Section 7 we provide several examples and suggest some questions.
Definitions and preliminaries
In this paper a projective variety X ⊂ P r will always mean a reduced and irreducible projective subscheme over K of positive dimension. Let R = K[Z 0 , Z 1 , . . . , Z r ] be the homogeneous coordinate ring of P r , let I X denote the sheaf of vanishing ideals of X, let
denote the vanishing ideal of X and let R X = R/I X denote the homogeneous coordinate ring of X. Let 
Arithmetic depth and projective dimension
The arithmetic depth of X is defined to be the depth of the homogeneous coordinate ring R X of X. It is denoted by depth R X and is cohomologically characterized as follows:
Therefore 1 depth R X dim X + 1. The number q, the length of the minimal free resolution of R X , is called the projective dimension of X and is denoted by pd(X). By the AuslanderBuchsbaum theorem,
Thus r − n q r where n = dim X. We say that X is arithmetically Cohen-Macaulay if q = r − n. Note that if X ⊂ P r is not linearly normal, then depth(R X ) = 1 and pd(X) = r. One can find the details in [E] .
Castelnuovo-Mumford regularity
X ⊂ P r is said to be m-regular if one of the following conditions holds:
That is, the ith syzygy module F i is generated by elements of degree
For the equivalence of these two statements, see [EG] . Also the Castelnuovo-Mumford regularity of X ⊂ P r is defined by
is surjective for all j m − 1, and (ii) I X is generated by homogeneous polynomials of degree m. 2.3. Property N p , property N p and property N 2, p The Castelnuovo-Mumford regularity of X measures the number of nonzero rows of the Betti diagram of X. But in many cases, the first few steps of the minimal free resolution is much simpler than one can expect from reg(X). So we recall some notions which express how simple the first few syzygies of X are. Definition 2.1. Let X ⊂ P r be a nondegenerate projective variety and let
be a minimal free resolution of X where The relations among these notions can be summarized as follows:
property N 2,p + j -normality for all j 2 ⇐⇒ property N p , property N p + linear normality ⇐⇒ property N p .
Note that property N 2,1 holds if I X is generated by quadrics. For p 2, X satisfies property N 2,p if property N 2,1 holds and the kth syzygies among the quadrics are generated by linear syzygies for all 1 k p − 1. It is well known that the graded Betti number β i,j can be read off as follows:
Lemma 2.1. Assume that the variety X ⊂ P r is 3-regular in the sense of Castelnuovo-Mumford and let M = Ω P r (1). Then for the sheaf of ideals I X of X,
Proof. See Theorem (1.b.4) in [Gr] or Theorem 4.5 in [E] . 2 Let X ⊂ P r be a nondegenerate projective variety which satisfies property N 2,p for some p 1. Recently Eisenbud, Green, Hulek and Popescu studied the zero-dimensional and onedimensional intersection of X with a subspace of dimension p. They prove the following Theorem 2.2. (Theorem 1.1 in [EGHP] .) Let X ⊂ P r be a nondegenerate projective variety which satisfies property N 2,p for some p 1. Let Λ ⊂ P r be a linear subspace of dimension
This guarantees that if a nondegenerate projective variety X ⊂ P r has a (p + 2)-secant pplane, then it fails to satisfy property N 2,p .
Varieties of almost minimal degree
Let X ⊂ P r be a variety of almost minimal degree. Due to Brodmann and Schenzel [BS2] we say that X is maximally Del Pezzo if it is arithmetically Cohen-Macaulay. Thus a variety X ⊂ P r of almost minimal degree is either Type 1: maximally Del Pezzo and normal or Type 2: maximally Del Pezzo and non-normal or Type 3: not maximally Del Pezzo.
Fujita has a satisfactory classification theory for varieties of Type 1. In particular, smooth maximally Del Pezzo varieties are completely classified. Note that every smooth linearly normal variety of almost minimal degree is maximally Del Pezzo. Therefore the arithmetic depth of smooth varieties of almost minimal degree is equal to either one (non-linearly normal case) or dim X + 1 (linearly normal case). For details, we refer the reader to [F] . The Betti numbers of X are studied by L.T. Hoa [Hoa] and U. Nagel [N1] . When X ⊂ P r is of Type 1 or of Type 2, the graded Betti numbers of X as follows: β 1,2 = · · · = β r−n−1,2 = 0, and β r−n,2 = 1,
for 1 i r − n − 1 and β r−n,1 = 0.
Note that β i,1 depends only on i and codim(X, P r ) = r − n. On the other hand, when X ⊂ P r is of Type 3, the following is known: [Hoa] or Theorem 5.10 in [N1] or Theorem 8.3 in [BS2] .) Let X ⊂ P r be an n-dimensional projective variety of almost minimal degree which is not maximally Del Pezzo. Then
if r − n i r, and
From the numerical formulas in Theorem 2.3, the Betti numbers
are uniquely determined. For example, the Betti diagram of X is uniquely determined if 2n + 1 r 2n + 2. On the other hand for r 2n + 3, the Betti numbers
are not known yet.
Syzygies of some divisors on a smooth rational normal scroll
Let Y = S(a 1 , a 2 , . . . , a n+1 ) ⊂ P r be a smooth rational normal scroll of degree d = a 1 + · · · + a n+1 where 1 a 1 a 2 · · · a n+1 . Let H be the hyperplane section of Y ⊂ P r and let F be a fiber of the projection map π : Y → P 1 . In this section we investigate smooth divisors X ⊂ Y such that X ∼ H + mF for some m 2. 
Proof. The degree of X ⊂ P r is equal to (H +mF )·H n−1 = d + m. Consider the exact sequence of cohomology groups
If m 1, then H 0 (P 1 , O P 1 (−m)) = 0 and hence X ⊂ P r is nondegenerate. If m = 1, then the degree of X ⊂ P r is d + 1 = codim(X, P r ) + 1 and hence X ⊂ P r is a smooth rational normal
be the image of the linearly normal embedding defined by O X (1). Then
which implies that X is a rational normal scroll. 2
Our main result in this section is the following:
Under the situation just stated, the followings hold:
(1) For j 2, the following statements are equivalent:
Therefore reg(X) = 
Proof. (1) Obviously (ii) ⇐⇒ (iii). Now we prove that (i) ⇐⇒ (ii).
From the short exact sequence 0 → I Y → I X → O Y (−X) → 0 of sheaves on P r , we have
. Then one can easily check that the cohomology group
vanishes if and only if m (j − 1)a 1 + 1.
(2) Since X ⊂ P r is 3-regular and not linearly normal, its minimal free resolution is
where
. Also Lemma 2.1 implies that
Again consider the short exact sequence 0
This induces the long exact sequence
Since Y ⊂ P r satisfies property N p for all p 0,
The first term vanishes since Y ⊂ P r satisfies property N p for all p 1. For details, see Lemma 1.6 in [EL] . Also the third term vanishes by the Bott formula. Therefore
We need to show that
where F is the vector bundle on Y defined by the short exact sequence
for all s, t 0 with s + t = i. Note that
for all j, k 1 and 0. Thus the projection formula guarantees that
Also from the third column of the above commutative diagram, we have
Since M E ∼ = O P 1 (−1) ⊕r−n , we get the desired vanishing if
for all s, t 0 with s + t = i which follows from the assumption i a 1 + 1 − m. This completes the proof that X ⊂ P r satisfies property N a 1 +1−m . (3) From the proof of (2), we know that
Also Theorem 2.3 guarantees that β i+1,1 is determined by β i,2 . Therefore if X ∼ H + 2F is another smooth divisor, then X and X have the same graded Betti numbers.
(4) We know that X ⊂ P r satisfies property N a 1 −1 by (2) . So, we have to show that X fails to satisfy property N 2,a 1 . Let C 1 ⊂ Y be the section of π : Y → P 1 determined by the surjective homomorphism
Since O Y (H + 2F ) is very ample, there exists a smooth divisor X ∼ H + 2F such that C 1 X . Since X and X have the same graded Betti numbers by (3), we need to show that X ⊂ P r fails to satisfy property N 2,a 1 . So we may assume that C 1 X. Note that the intersection number C 1 .X = a 1 + 2 while C 1 = P a 1 ⊂ P r . That is, the linear subspace C 1 ⊂ P r defines an (a 1 + 2)-secant a 1 -plane to X. Therefore X ⊂ P r fails to satisfy property N 2,a 1 by Theorem 2.2. 2
Proof of main theorems
This section is devoted to prove Theorems 1.1, 1.2 and 1.3.
Proof of Theorem 1.1. (i) ⇒ (ii):
If X ⊂ P r is not linearly normal, then there is an (r + 1)-dimensional subspace V H 0 (X, O X (1)) of codimension e 1 which defines the embedding X ⊂ P r . Let X ⊂ P r+e be the linearly normal variety defined by O X (1). Then
Since deg( X) codim( X, P r+e ) + 1, we have e = 1. This implies that X ⊂ P r+1 is a variety of minimal degree and X = π P ( X) where π P : X → X is an isomorphism. In particular, X is a (cone over a) Veronese surface in P 5 or a (cone over a smooth) rational normal scroll. We need to show that X is smooth. Note that if X is a cone, then X 2 = P r+1 and hence there is no isomorphic projection of X. Therefore X ⊂ P r+1 should be a smooth variety of minimal degree.
(
ii) ⇒ (iii): This follows immediately from the above proof of (i) ⇒ (ii). (iii) ⇒ (iv):
Assume that X = π P ( X) where X ⊂ P r+1 is a smooth rational normal scroll and P ∈ P r+1 \ X 2 . By Theorem 7.3 in [BS2] , X lies on a rational normal scroll
where n = dim X. Since X ⊂ P r is arithmetically Buchsbaum but not arithmetically CohenMacaulay, Theorem 5.10 in [N1] guarantees that either (a) X ∼ 3H + (2 − 2n + 2r)F and a i r − n − 1 for all i = 1, 2, . . . , n + 1 or else (b) X ∼ H + 2F and a i 1 for all i = 1, 2, . . . , n + 1.
In particular Y is smooth. Also we can ruled out the first case (a) since
Therefore Y is smooth and X ∼ H + 2F .
(iv) ⇒ (i):
If X = π P ( X) for the Veronese surface X ⊂ P 5 and P ∈ P 5 \ X 2 , then X is nonlinearly normal. Also X ⊂ P 4 is of almost minimal degree since X ⊂ P 5 is of minimal degree.
If X lies on a smooth rational normal scroll Y ⊂ P r as a smooth divisor such that X ∼ H + 2F , then the assertion comes from Lemma 3.1.
(i) ⇐⇒ (v) : Recall that X is 3-regular and hence it satisfies j -normality for all j 2 since it is of almost minimal degree (Theorem A in [HSV] ). This implies that X is non-linearly normal if and only if it is of arithmetic depth one. See Section 2.1. 2 Remark 3. Let X ⊂ P r+1 be a smooth variety of minimal degree. If X 2 P r+1 , then X is either (a) the Veronese surface in P 5 or else (b) a smooth rational normal scroll S(b 1 , . . . , b n ) ⊂ P r+1 such that
Indeed a smooth projective variety of minimal degree is X = P r or a smooth quadric hypersurface or the Veronese surface in P 5 or a smooth rational normal scroll. From the condition X 2 P r+1 , we only need to consider the third and the fourth cases. If X is the Veronese surface in P 5 , then X 2 ⊂ P 5 is a hypersurface of degree 4 and hence X 2 P 5 
We refer the reader to Catalano-Johnson's work in [C] . Since
the inequality r + 1 > 2n + 1 holds if and only if b 1 + · · · + b n n + 3. As a consequence of Theorem 1.1, a smooth nondegenerate projective variety X ⊂ P r is of almost minimal degree and non-linearly normal if and only if X = π P ( X) where either (a) X is the Veronese surface in P 5 and P ∈ P 5 \ X 2 or else (b) X = S(b 1 , . . . , b n ) ⊂ P r+1 is a smooth rational normal scroll such that b 1 + · · · + b n n + 3 and P ∈ P r+1 \ X 2 .
Now we prove Theorem 1.2.
Proof of Theorem 1.2. If
where the image of X is a hyperplane section. Also the image of X is equal to
This is possible if and only if there exists a short exact sequence
By Lemma 4.1, this is equivalent to our three conditions (α), (β) and (γ ). 2
There is a well-known and elementary answer for the problem to determine all possible surjective homomorphisms between two vector bundles on P 1 . Here we present an elementary but useful lemma.
Lemma 4.1. (Exercise 2.20 in [R] . ) Let a 1 , . . . , a n and b 1 , . . . , b m be integers such that a 1 · · · a n and b 1 · · · b m . Then there exists a surjective homomorphism
if and only if m n and for every i, a i b i , and if (a 1 , . . . , a i ) = (b 1 , . . . , b i ) then also a i+1 b i .
Proof.
A map between those bundles is given by an m × n matrix H = (h i,j ) where
In particular, the map is surjective if and only if H (P ) has maximal rank for every P ∈ P 1 . Therefore one can easily check that the inequalities are necessary. Conversely, if the inequalities are satisfied, let M be the set of all matrices H = (h i,j ) where h i,j satisfies the above condition ( * ). Then a general element of M has maximal rank for every P ∈ P 1 . 2
Finally we prove Theorem 1.3. (a 1 , . . . , a n+1 ) = (a 1 , . . . , a n+1 ), then
Proof of Theorem 1.3. (1) If
Therefore X P and X P have the same Betti diagram by Theorem 3.2(3) . (2) The first statement follows immediately from Theorem 3.2(4). Also, the numerical formulas for β i,1 's are obtained from the relation
See Theorem 5.10 in [N1] or Theorem 8.3 in [BS2] .
. Also from the proof of Theorem 3.2, we have
By using the short exact sequence
) is isomorphic to the cokernel of the multiplication
Computational aspects of Betti diagrams
Let X = S(b 1 , . . . , b n ) ⊂ P r+1 be a smooth rational normal scroll. In this section we explain how to compute the complete list of Betti diagrams of π P ( X) ⊂ P r when P varies in P r+1 \ X 2 . By Theorem 1.3, this is reduced to the problem to compute Betti diagram of Z α ⊂ P r where α = (a 1 , . . . , a n , a n+1 ) ∈ Σ X and Z α is a smooth divisor of the smooth rational normal scroll  S(a 1 , . . . , a n , a n+1 ) ⊂ P r such that Z α ∼ H + 2F . Therefore we consider the following problem:
Problem. Let Y = S(a 1 , . . . , a n , a n+1 ) ⊂ P r be a smooth rational normal scroll. Then compute the Betti diagram of Z ⊂ P r where Z ⊂ Y is a smooth divisor such that Z ∼ H + 2F .
We first recall a determinantal presentation of the ideal of Z = S(a 1 , . . . , a n−1 , a n + a n+1 + 2) ⊂ P r+1 . . . . , Z r , Z r+1 ] be the homogeneous coordinates of P r+1 . Put
for 1 i n − 1, and a 1 + · · · + a n + a n+1 + n + 1 = r + 1 if i = n.
After an appropriate linear coordinate transformation we may assume that Z ⊂ P r+1 is equal to the rank one locus of the 2 × (r − n + 2)-matrix
Also the second self join Z 2 of Z is equal to the rank 3 determinantal variety of
For details, we refer the reader to [C] and [Harris] . Now let P ∈ P r+1 be the (a 1 + · · · + a n + n)th coordinate point. Note that P ∈ P r+1 \ Z 2 from the above determinantal presentation of Z 2 . Therefore Theorem 1.3 says that Z = π P ( Z) ⊂ P r is a smooth non-linearly normal variety of almost minimal degree and hence it is contained in a smooth rational normal scroll. Indeed by eliminating the two columns of M which contain the (a 1 + · · · + a n + n)th coordinate Z a 1 +···+a n +n , we have the matrix M . One can easily check that the rank one locus of M in P r is the smooth rational normal scroll S(a 1 , . . . , a n , a n+1 ). Since Z satisfies all the 2 × 2 minors of M , it is proved that Z lies on the smooth rational normal scroll Y = S(a 1 , . . . , a n , a n+1 ) ⊂ P r . Now we present a concrete example to illustrate the results in this section.
Example 1. Let X = π P ( X) ⊂ P 11 where X = S(2, 2, 6) ⊂ P 12 and P ∈ P 12 \ X 2 . In this example, we provide the complete list of possible Betti diagrams of X when P runs through P 12 \ X 2 . By Theorems 1.1 and 1.2, we know that 2, 2, 3) , (1, 1, 3, 3) , (1, 1, 2, 4), (1, 1, 1, 5) and the Betti diagram of X depends only on the type (a 1 , a 2 , a 3 , a 4 ).
Case I. Assume that X ⊂ S (2, 2, 2, 2) . We may assume that X is the rank one locus of the matrix , 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0] . By deleting the two columns of A which contains Z 9 , we obtain the matrix
Note that π Q ( X) is contained in the rank one locus of A 1 . Clearly the rank one locus of A 1 is S(2, 2, 2, 2) ⊂ P 11 . Therefore X and π Q ( X) have the same Betti diagrams by Theorem 1.3. Case II. Assume that X ⊂ S (1, 2, 2, 3) . Let Q = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0] . By deleting the two columns of A which contains Z 10 , we obtain the matrix
Note that π Q ( X) is contained in the rank one locus of A 2 . Clearly the rank one locus of A 2 is S(1, 2, 2, 3) ⊂ P 11 . Therefore X and π Q ( X) have the same Betti diagrams by Theorem 1.3. Case III. Assume that X ⊂ S (1, 1, 3, 3) . Let Z = S(1, 1, 8) ⊂ P 12 . We may assume that Z is the rank one locus of the matrix
Let Q = [0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0] . By deleting the two columns of B which contain Z 8 , we obtain the matrix Now we compute the Betti diagram of π Q ( X) of Case I-II and that of π Q ( Z) of Case III-V by means of the computer program "SINGULAR". We obtain Table 2 which provides the complete list of Betti tables for X = S(2, 2, 6) ⊂ P 12 .
Examples and open questions
In this section we provide Betti diagrams of X = π P ( X) ⊂ P r for a smooth rational normal scroll X ⊂ P r+1 and P ∈ P r+1 \ X 2 by applying our previous results. Let
be the minimal free resolution of X where 
if r − n i r,
Therefore for 2n + 1 r 2n + 2, the Betti diagram of π P ( X) is completely determined. On the other hand, if r 2n + 3, then we need to compute the Betti numbers
We first consider the cases when r = 2n + 3 and r = 2n + 4.
Example 2. Assume that r = 2n + 3. If X = S(b 1 , . . . , b n ) and π P X ⊂ S(a 1 , . . . , a n , a n+1 ), then a 1 + · · · + a n + a n+1 = n + 3 and hence Theorem 1.2 implies that 
. . , 1, 1, 2, 3), and
But we do not know yet the Betti number β 2,2 .
Example 4. Assume that r = 2n + 4. The case when n = 1 is treated in [P] . Here we consider the case when n = 2, 3. When n = 2, X = S(a, b) ⊂ P 9 where (a, b) ∈ {(1, 7), (2, 6) , (3, 5) , (4, 4)}. Also
By using the method developed in Section 6, we have Table 3 .
When n = 3, X = S(a, b, c) ⊂ P 11 where (a, b, c) ∈ (1, 1, 7), (1, 2, 6), (1, 3, 5), (1, 4, 4), (2, 2, 5) , (2, 3, 4) , (3, 3, 3) . Table 3 Betti tables of X = π P ( X) for X = S(a, b) ⊂ By using the method developed in Section 6, we have Table 4 . Now we propose some questions related to the results in this paper. Let X = S(b 1 , . . . , b n ) ⊂ P r+1 be a smooth rational normal scroll. Let
where T (P ) denotes the Betti diagram of π P ( X) ⊂ P r . By Theorem 1.3 there exists a welldefined natural surjective map
More precisely let α = (a 1 , . . . , a n , a n+1 ) ∈ Σ X and choose P ∈ P r+1 \ X 2 such that π P ( X) ⊂ S(a 1 , . . . , a n , a n+1 ). Then ψ(α) = T (P ) . Note that ψ is related to the interplay between homological aspects and geometric aspects of π P ( X) where homological aspects come from the minimal free resolution of the ideal and geometric aspects arise from the description of π P ( X) as a divisor of a variety of minimal degree. In many cases the map ψ : Σ X → Γ X is bijective. See Examples 2-5. Now we ask the following two questions:
Q1. Is the map ψ : Σ X → Γ X bijective? Q2. Find out all Betti diagrams in Γ X . Table 5 summarizes what we know about these questions ("O": completely answered, "?": unknown yet). Remark 4. If the answer for Q1 is "YES", then for each P ∈ P r+1 \ X 2 , there exists a unique smooth rational normal scroll S(a 1 , . . . , a n , a n+1 ) ⊂ P r which contains π P ( X) . In this case the map τ : P r+1 \ X 2 → Γ X , P → T (P ) , factorizes as follows:
Put ϕ : P r+1 \ X 2 → Σ X . Then P r+1 \ X 2 can be written as a disjoint union of subsets as follows:
Remark 5. When X ⊂ P r+1 is the rational normal curve of degree r + 1, one can find some answers for Q1 and Q2 in [P] . Indeed Therefore ψ is bijective and ϕ −1 ((a, r − 1 − a)) = X a+2 \ X a+1 .
